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PAPERS 


STEADY-STATE FORCED VIBRATION 
CONTINUOUS FRAMES 


The analysis the vibration continuous frames subjected periodic 
force important the study the design structures that support machin- 
ery. The motion the machinery produces force that usually small, but 
which, because its periodic nature, sometimes causes large deflections 
develop. Analyses have been made the forced vibrations simple systems 
—that is, spring supporting mass, and supported beam. 
simply supported beams means harmonic analysis particularly con- 
gruous the relation the mathematics the nature the physical phe- 
nomena. 

The theory presented this paper makes possible analyze continuous 
frames, utilizing the system analysis applied simple 
beams. The structure will here treated series simply supported 
members with periodic end moments which will provide continuity. 


THEORY 


The application this analysis continuous frames reveals interesting 
phenomenon. order attain the greatest deflection due periodic force, 
the continuous frame must behave series simply supported members with 
very small end moments. The deflection each member must be, very 
closely, the shape one the normal modes simply supported beam. 
Therefore, the proposed method particularly adapted the analysis these 
conditions. 

will first necessary describe the vibration simply supported 
member due uniformly distributed concentrated periodic force, with 
special attention the determination the end slopes. This will followed 
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analysis the vibration simply supported beam due periodic end 
moment, and finally, description the method used determine the magni- 
tude and phase the end moments required provide continuity. 

The equation for the forced vibration beam with damping proportional 
the velocity 

which the modulus elasticity; the rectangular moment inertia; 
the mass per unit length; the damping constant, proportional the 
the deflection the beam distance from the left end 
positive the load per unit length; and the time. 
the velocity the beam any point. The steady-state vibrations simply 
supported beam due several different periodic forces are, for uniformly 
distributed load sin positive downward), 


this case add, fis the the force; the 
phase angle; and length. 

For concentrated load sin the center positive downward): 


and 


positive 
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For periodic moment sin the left end positive clockwise) 


Eqs. the magnification factor and the phase angle 


v( fn fn 
which f,, the natural frequency, 
total deflection, Eqs. the sum several deflection curves, 
sin sin These curves have the same shapes the 


modes free vibration for simply supported beam. The dynamic magnifica- 
tion factor determines the amplitude each mode. large amplitude oc- 
curs when the frequency the periodic force equal the natural frequency 
one the modes, fi, When the dynamic magnification 
factor for that mode, maximum.and large compared with the values 
for the other modes. For this condition (called the total 
deflection, will consist large deflection having the shape the mode for 
which plus some very minor deflections corresponding the other 
modes. 

The phase angle convenient method representing time lag 
from zero 0°) one-half period 180°). The deflection always 


and 

and 
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lags behind the periodic force the phase angle a,. study vibrations 
the analyst chiefly interested the large deflection that occurs when the 
frequency the periodic force equal one the natural frequencies. 

study the values Bn, and shows that Eqs. and can 
simplified considerably, when equals fe, fa; Then 


and 
this analysis continuous frames the following conditions will 
When 
When (11) 
When 


GENERAL METHOD ANALYSIS 


Large deflections continuous frame occur when the frequency 
the periodic force coincides with the natural frequency one the modes 
the loaded member. The members immediately adjacent the loaded mem- 
ber must also have one natural which coincides with the frequency 
the periodic force. The continuous members must behave simply sup- 
ported members and the large deflections must coincide with the modes 
simply supported member. 

The end slopes established the periodic force are first determined. These 
will henceforth called slopes.”” The geometric discontinuity that 
results from these free-end slopes corrected periodic end moments with the 
same frequency the periodic force. The correction made distribution 
procedure that corrects the end slopes joint joint. The periodic moments 
applied the ends meeting joint have zero resultant. Thus, statics and 
are not affected while the geometry being corrected. This dis- 
tribution procedure requires the development the stiffness member. 
The stiffness defined the periodic moment necessary produce slope 
one (+1) the end which the moment applied. Carry-over slopes are 
incurred and these can best described subsequently Section 
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SLOPES 
Eqs. and are used compute the free-end slopes. Consider, for 
The free-end slopes are given Eq. 3b, which yields 


Since can taken 0°, 90°, 180°, 


For convenience computing, let thus separating into static 
and dynamic parts: 


(Static) 
2PP 
(Dynamic) (Dynamic) 


(Dynamic) 

computing the dynamic part are presented Table Selecting values from 

this table for substitution Eq. 12c, 


The series for the static part equal 


(Dynamic) (Dynamic) 


(Dynamic) 


FORCED VIBRATION 
—from which 
and 


Fig. represents the end means vectors; they are shown rela- 


tion the force for (one fourth period) when maximum 

downward. The projection 

TABLE the slope vectors the vertical 

These vectors rotate clockwise 

5/20 1.06667 0.06667 reference for all slopes and end 

have been satisfied for the peri- 

free-end slopes constitute geo- 

metrical discontinuity with the 

adjacent members the joints. This discontinuity must corrected 
periodic end moments. 


0.00203 


SLOPES 


STIFFNESS 


The periodic moment required produce unit end slope computed 
Eq. this example the periodic moment sin applied the left 
end span for which fi, and 0.1 (the same data Section 
3); thus, 


and 


| 
> 
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Since can taken 0°, 90°, 180°, 


(Dynamic) (Dynamic) 


(Dynamic) 


The series for the static part equal the static-end slope sin 


Section relating values from Table for the dynamic parts— 


(Dynamic) 
(Dynamic) 
—from which 


and 
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The end moment required produce unit end slope, defined stiffness, 
and for this moment becomes 

and 


Eq. 20a the the required unit end slope, and the remaining numerical 
values Eqs. 20, +0.0265, +0.00782, and the —1, are all carry-over slopes. 
Fig. shows the vector diagram for the stiffness and carry-over slopes. Eqs. 
are used also for clockwise moment the right end, but with and 
interchanged. 


End Slope 


+0.0265 
Carry-Over +0.00782 
Slope 


study this analysis shows that, when the frequency the periodic force 
equal one the natural frequencies the stiffness 


which 
Substituting Eq. 21, 


The horizontal carry-over slope always for odd modes and for even 
modes. The vertical carry-over slopes are plus minus, but small com- 
pared 


MoMENTS 
Fig. 3(a) shows three members meeting joint with three end slopes 
and which are not equal. Periodic moments with the same frequency 
the periodic force sin are applied the ends meeting the joint. 
These moments must make the three horizontal components the end slopes 
equal, and the moments must have resultant zero. The stiffness and 
carry-over slopes for each member are shown Fig. 3(b). The relative stiff- 
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for the end slope resulting from the end moments required equalize the 
slopes for each member, follows: 


6; = DS, 
Then (the same slope for each member). The end mo- 
ments will have zero resultant because— 


For the example Fig. 


Then 


Multiply all quantities Fig. 3(b) the corresponding value and and 
the results shown Fig. 3(c) are obtained. The moments have resultant 
zero and the slopes are equal: 


The vertical end slopes the joint are corrected the same way. The general 
procedure for the analysis consists the following steps; illustrative examples 
will explained: (1) Find free-end slopes; (2) find stiffness and carry-over 
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slopes for all members; (3) correct horizontal slopes and vertical slopes; (4) 
carry over the slopes; and (5) repeat steps (3) and (4). 


EXAMPLES 


The following examples illustrate the application this analysis and demon- 
strate, limited extent, the nature the behavior continuous frames sub- 
jected periodic forced vibration. Fig. shows two-span continuous beam 
with periodic force the center the left span. The free-end slopes, the 
stiffnesses, and carry-over slopes are given. Since the spans are identical they 
have relative stiffness 1:1. The analysis for the horizontal correction 
the free-end slope the center support follows: 


These values and are shown with double underline Fig. 4(d). The 
carry-over slopes are obtained multiplying the factors the diagram 
and the left span the carry-over slopes are 


0.0166 1.29 0.021 (center) 
0.00483 1.29 0.006 (left end) 
—1.00 1.29 1.29 (left end) 


and for the right span, 


0.0166 1.29 0.021 (center) 
0.00483 1.29 0.006 (right end) 
1.00 1.29 1.29 (right end). 


For the vertical correction: 


0.001 


These values are shown with double underline Fig. 4(d). The carry- 
over slopes for the left span are, for the left end— 


and, for the right span (right end)— 


0.0166 0.022 0.000365 
0.00483 0.022 0.000106 
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Only the 0.022 quantities appear Fig. the other quantities being re- 
mainder that very small. There small difference slope the center 
equal 0.000365 0.00073 which not corrected. 

The final slopes the ends are obtained adding, algebraically, the hori- 
zontal and vertical slope vectors. The final moments the center are ob- 
tained multiplying the the center (these have double underline 
Fig. 4(d) the stiffness, The frequency the periodic force equal 
the natural frequency the first mode these beams. Therefore the de- 
flection has the shape the first mode (see Fig. 4). There are some minor 
deflections the shape the other modes. 

The bending moment and shear diagrams are derived from Eqs. and for 
the deflections. 5b, for periodic moment the left end simply 
supported beam, becomes the following equation for periodic moment the 
right end positive clockwise) 


The bending moment for the left span can written the following man- 


ner, similar the derivation for determining the free-end slopes, from Eq. 3a: 


(Static) 


(Dynamic) (Dynamic) 


(Dynamic) 


and from Eq. 29, for periodic moment, the right end: 


(Static) 


(Dynamic) (Dynamic) 


(Dynamic) 


this latter equation 0.159 4). 
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The bending moment diagram for part Eq. diagram with the 
same shape that the diagram for the static simple-beam bending moment 
for concentrated load, The ordinates vary, periodically, with the bending 


moment under the load equal 


The static part Eq. diagram with the same shape that the 
diagram for the static bending moment with moment the end. The 
ordinates vary periodically with the end moment, which 0.159 
The bending-moment diagrams for the terms marked are sine 
curves, shown, with ordinates that vary periodically. 

The terms that contain are much larger than all the other terms that 
only these need considered. There are two terms which contain 


and 


The bending-moment diagram for the left span essentially sine cur with 


ordinates that vary periodically. The center ordinate 


comparison the dynamic and static moments interesting. Over 
the center support the dynamic only 1.5 times the static, whereas, the 
middle the left span, the dynamic twenty times the static. Therefore, 
previously stated, the continuous beam behaves two simply supported beams. 

The shear diagrams are obtained from Eqs. and 31. before the con- 
gruous shear diagram for the static part the equation for the bending moment 
derived from Eq. diagram with the same shape that the diagram 
for the simple beam shear diagram for concentrated load, The ordinates 
vary periodically, equal sin2 The congruous shear diagram for the 
static part Eq. diagram with the same shape that the diagram for 
the static shear diagram for moment the end. The ordinates vary pe- 
riodically, equal —0.159 The shear diagrams for the terms 
marked are obtained differentiation. These shear diagrams are 
cosine curves with ordinates that vary periodically. 

The terms that contain are much larger than all the other terms that 
only these need considered. These same terms for the bending moment, 
differentiation, become 
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and 


The shear diagram, then, cosine curve with value the left end 


Fig. shows the results several analyses the previous example, with 
some variations. The results Fig. 5(a) are for the same data those 


0.0076 0.0076 Deflection 
0.52 
0.255 
0.0054 0.0054 


0.255 
Final Moments 


(a) SAME DATA FIG. EXCEPT FOR RIGHT SPAN 


0.221 0.221 0.167 
0.028 0.022 0.022 0.097 
0.275 Final Slopes 
0.315 
0.033 0.033 
0.315 


Final Moments 
(b) SAME DATA FIG. EXCEPT FOR RIGHT SPAN 


0.2215 0.2215 0.1673 
EI 
0.2765 Final Slopes 
0.318 
0.318 


Final Moments 
(c) SAME DATA FIG. EXCEPT FOR RIGHT SPAN AND 6=0 


Fig. with the exception that the fundamental frequency the right span was 
changed for the right span and the second mode was 
excited the periodic force. The first mode the left span and the second 
mode the right span comprise the deflection (Fig. 5(a)). This change fre- 
quency increased the stiffness the right span and this, turn, reduced the 
end slope (and deflection) from that obtained Fig. and increased the 
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moment the center support. For synchronous conditions the stiffness varies 
follows: 


this example the change (from 1), without any change the other 
data, resulted four-fold increase stiffness for the right span and the 
relative stiffness changed from 1:1 1:4.. When the stiffness was 1:1, the 
end slope was reduced about one half whereas, for stiffness ratio 1:4 the 
end slope reduced about one fifth. 

For the results shown Fig. the frequency the right span was changed 
all other data remaining the same those Fig.4. frequency 
the periodic force does not coincide with the natural frequency any 
mode the right span. This analysis shows very small end slope the 
center; that is, the left span behaves were fixed the right end. The 
bending moment the center support large—approximately 3.5 times the 
static moment this point. example shows the marked effect the rela- 
tion between the frequency the periodic force and the natural frequency 
the members. 

Fig. 5(c) illustrates the same problem Fig. but with damping, and 
and 5(c) that the damping has little influence this problem. The important 
factor influencing the dynamic behavior the change frequency the right 
span from the writer’s opinion that damping plays 
minor role the steady-state vibration structures, and that, the other 
hand, the factors affecting the natural frequency members play major role. 

Fig. 6(a) shows structure consisting three continuous spans with two 
columns. The members equal and have the same properties the beams 
Fig. shows the first horizontal and vertical correction the end 
slopes the left joint and the right joint. These corrections are continued 
Fig. 6(d), which the values are all double-underlined and the total 
change slope and The final end slopes are shown Fig. 6(c), 
which also shows the final end moments, obtained multiplying 

comparison these results with those shown Fig. interesting. In- 
creasing the number members decreases the end approximately 
direct proportion the number members. Fig. there are two beams and 
the final end slope about one half 2.58; Fig. 6(c) there are five beams and 
the final end slope about one fifth 2.58. This reduction end slopes and 
deflections with the increase the number members the result damping. 
The shape the deflection curve all members that the first mode (see 
Fig. Approximately the same results would have been obtained con- 
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Deflection (First Mode) 0.002 9.029 0.014 nats 


0.002 
0.029 0.028 0.014 


0.0166 0.0166 


0.00483 


0.0166 
0.00483 CARRY-OVER SLOPES 0.001 
0.011 
0.014 
0.029 
6 14 
1 
0.034 
z 
0.068 0.073 
70.044 
z 
FINA RRECTION 
(d) CORRECTIONS 0.004 
0.004 
0.19 0.86 
4 
0.34 
Fia. MoMENTS AND FoR 


& 
4 2 i 
0.015 
0.0020 Same 
j 
2.58 
=4 (All 
0.0020 
Free End Slopes 0.015 
‘7 
0.004 
1.00 1.00 Same 0.86 
1 


At Left Joint 


Right Joint 


wWNwo 


io 
io 
nm 


0.025 


0.52 0.52 
0.066 


0.0073 

0.0090 x0.1235 

0.0018 

0.254 

0.188 =1.52 x0.1235 

0.064 =0.52 x0.1235 


0.01 
4 
Zz 
0.035 
0.29 
O51 
0.008 
0.29 
0.001 
4 
0.037 
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w 


REE WITH Two 


0.02 


io 


on 
~ 


4 


nm 


0.024 


.0018 


xPl 


0.51 


0.51 


(c) FINAL SLOPES 
AND MOMENTS 


0.027 
0.51 


0.0043 


0.063 


0.063 


0.027 


0.51 0.51 
0.037 


Final Stopes 


0.0043 


H Sz, 
0.0085 = 0.069 x 0.1235 
0.0043 = 0.035 x0.1235 
0.0043 = 0.035 x0.1235 

0.124 =1.00 x0.1235 
0.063 =0.51 x0.1235 
0.063 =0.51 x0.1235 


Final Moments 


0.52 
0.52 
0.52 
0.012 0.037 
| 29 
0.005 0.001 
} 17 
1.00 
0.008 
0.037 
. 
i 
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sidering the structure Fig. 6(a) simply supported beam with five times 
the damping 0.25 instead 0.05). 


SUPPLEMENTARY PROCEDURE FOR LATERAL DISPLACEMENT 


the analysis that has been presented, all the joints were fixed against dis- 
placement. most cases the effect joint displacement negligible, but 
possible assign conditions that will magnify lateral displacement joints. 
Fig. which illustrates displacement joints, conditions have been chosen 
which magnify this effect. The bent has periodic force the quarter point 
with frequency equal the natural frequency the second mode the hori- 
zontal member and equal the natural frequency the first mode the legs. 
Under these conditions both legs deflect the same direction (see Fig. and, 
result, will have large unbalanced horizontal shear. 

The following procedure was used analyzing the effect lateral displace- 
ment. analysis was first made with the joints fixed against lateral displace- 
ment, and the restraining force was found. Then analysis was made for 
periodic lateral displacement phase with force and the force necessary 
produce this lateral displacement was determined. 

The lateral displacement caused force equal and opposite the restrain- 
ing force can found proportion and changing the phase the displace- 
ment relative Fig. shows the results such analysis. the left 
the analysis for the bent restrained from lateral displacement. The figure 
shows the moment the top the legs and the shears. the shears 
the total restraining force. the right are shown the results analysis 
for periodic lateral displacement phase with the force The moments 
and shears the top the legs are shown. The total force equal the 
shear plus force necessary give periodic displacement the horizontal 
member. 

periodic lateral displacement, shown the bottom the figure, would 
require force equal and opposite the restraining force. Therefore analy- 
sis that includes lateral displacement the joints involves the addition the 
effect periodic lateral displacement the effect the periodic forced 
vibration restrained against lateral displacement. 

the application this analysis engineering structures may neces- 
sary take into account the effect concentrated mass the structure. 
Fig. shows beam mass with periodic force sin 
First, make analysis for periodic force sin,2 the force be- 
tween the mass and the beam, yet unknown. The rotating vector diagram 
shows P’, a’, and and vector opposite vector rep- 
other than that where the periodic force located, shown Fig. first 
make analysis for the force sin and determine the deflection and ac- 
celeration point neglecting the mass [M,]. second analysis for 
force sin point the force between the mass and the beam, 
yet unknown. Since reciprocal relation exists between points and 
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Restraint 
Asin (f=4) 


Second Mode 


l=2h 
Same and 


Deflection 


First Mode 


0.001028 


Final Moments Final Moments 


0.2815P 


Final Shears Final Shears 
— 
0.6709 

12.721P Force for Lateral 
Displacement 
Phase With 

Total Restraint 
F-Componerts 


| 
E Ela 
| 
=a 
j 0.3894 P 
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Fig. the first analysis will give the relative proportions these vectors and 
the phase angles. Combine the two acceleration vectors point due 
line with and The force the beam, P’, will then 
equal and opposite the force the mass The total deflection will 
the vector sum that due and that due P’, the phase relation with 
shown. 


Analysis for sin 


Analysis for sin 
. 


. 
Psin Phase Angle Between 


The effect several periodic may need considered. the 
several forces have the same frequency, the vector sum the several solutions 
with proper regard phase relations will result steady-state periodic forced 
vibration. the several forces have different frequencies separate analyses 
can made and added vectorially. 


SUMMARY 


The analysis described this paper designed practical method for 
studying the vibration civil engineering structures. The assumptions are 
those commonly used structural analysis and the analysis the vibrations 
simple systems. The distribution procedure adapted this analysis 
analytical tool familiar most structural engineers. Distribution the end 
slopes rather than the end moments was chosen because initial conditions 
more closely approximate the final conditions, and therefore there less cor- 
rection distribution. Experience the behavior structures for static 
loads little value the understanding the vibration structures. 
practical analytical procedure has been lacking, and this paper supplies the 
necessary equipment study the vibration structures. 

conclusion few statements will added supplement the analysis 
described 


This method analysis not restricted the conditions fi, 
and 0.1 fi; 

Several periodic with the same frequency can analyzed simul- 
taneously 


“af 
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Several periodic forces different frequencies must analyzed separ- 
ately and the solutions added; 

The use modified stiffnesses particular value because the large 
carry-over slopes; and 

Free vibrations with velocity damping can added the steady-state 
vibrations obtain the initial vibrations. Consequently analysis for 
transients can made. 
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